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< Numerical Differentiation

For forward interpolation

x=xy—Th->r="22, = —-1h

fa = fo+ (x = x0)f [x0, 1] + (x — 20) (x — 1) f [%0, %1, X2] + -+ +
(x —xg) ... x = xp) flx0, X1, o - X

Now for Af; = fi.1 — fi » A*= Af;,; — Af;and so on

A= An_lfi+1 _ An_lfi

Slnce f[xo,xl] = f1~fo Afo = fl _foand (x - xO) = T‘h -

X1—Xo

fi—fe f(xq,%2)—f (x0,%1)
fo = f0+rhx1_x‘:)+rh(r 1)h —=2——2 ..

X2—Xo

r(r 1)

(r-1)(r-2)
fa = fo+rhfo+ == Ay + A3 L

IO DCDang (1)

n!
Since x = x, —rh then f,,(x) = f,,(xo —Trh)

To find the first and second derivatives of equation (1) then , derive
equation (1) with respect to (r) gives

(2r 1) —67+2

A2f, +°2 A3fy ...

—67r+2

hf;(xo —rh) = Afy +

(21‘ 1)

> fulto —Th) == (Afp + T2 A%y + =203 )
h2f, (xo —Th) = A% fy + (r — 1DA3S,

> falto —Th) = = (8% fy + (r — DA3S)

For backward interpolation

Vf, = fi— fi1 = V2= Vf; — Vf_,and so onA™= A™1f, — AM1f,
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Exi/ find three-point formula for the derivative of (f) at x = x, using

forward interpolation

Sol:
Since there is three points then (x,, x;, and x,)
x fi Afi A%
Xo  fo
fi—fo
X1 fi f2=2fi+ fo
fa—fi
X2 f2

For x = x,, this means that (r = 0)
falio) == (Afy — 3 A%fy)
== (fi—fo—3 fa+fi—3fo)

=~ Qfi—-2fo—3 f)
=5 (C3fo T4 = fo)

Ex,/ repeat example(1) for the second order and when x = x,
Sol:

Since f,,(x,) = %(Azfo — A3f,) for x = x,, then

= 1
fa(x0) = S(—2fi+fo)
Note: in previous two examples it is found that when all the coefficients

of (f,, f1, and f,) are added to each other, the result will be equal to zero.
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Exa/ obtain forward difference for four-order interpolating polynomial

Sol:
X fi Af; A*f; A%f; A*f;
Xo fo
Afo
X1 fi Azf 0
Afy A*fy
X, fr Azf 1 A4f 0
Af, A%fy
X3 f3 Azf 2
Af3
Xy fa

ExJ for x =x,,find each of the following [Af, A%f,, A3f,,
Afo, Afy, A f;, A3 f, Af,, A% f,, and Af; ] which obtained in example (3)
Sol:

AMo=fHh-foMi=L-fbh=G-fA:=fi—f;

Mfo=(fa = f) —(fi—fo) > A% fo = (2 — 2f1 + fo)

AMfi=(fs—f2) (= f) > 8°fi= (fs — 2fa + f1)

Nfo = (0% f1 — A% fo) > Nfo = (s -2+ f) — (2 — 21 + fo)
=(fz=3f2+3fi— fo)

Nfo=(fa—f3)—(fs — f2) 2 82fi= (i = 2f3 1+ f2)

Nfy = (0%, =) > 8fo = —2fz+ ) — (s =22+ f1)
=(a=3f+3f2— f1)

Afo= 8fi = Nfo > A fo=(fu —3f3+3f,— fi) — (5 —3f2 +
3fi = fo)

=(a—4fz+5H—4fi+ fo)
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Ex,/ find third order for f(x) = x?2+x + 1

Sol:
xi fi Af; A*f; A% f;
Xo x2+x+1

2x + 2
x, x2+3x+3 2

2x +4 0
X, x>+5x+7 2

2x+ 6

X3 x%+7x+13
Exs/ use central derivative to find three point formula for the first
derivative at x = x;
Sol:
Xi Af; A%
Xo fi-1
fi— fima
X1 fi fir1 = 2fi + fia
fi+1 - fl
X2 fir

— — 2_
since f,(xo —rh) == (Afy + 22 fy + T2 ANS)

Forr=1

~_1

fi=r (Bfo +502%f,)

1

=5 (fi=fiex + 5 (oa = 2fi + fi-2))

1

=n (fis1 — fi-1)
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% Mixed Derivatives

Assume that (f) is a function of two variables (x,y), in this case the
2
mixed derivative will be %, the central derivative approximations and a

second order polynomial. Let the center at a point (x;, y;) and Consider

the following figure

N |<— Ax —>|<—Ax—>|
j-1j+1 i,j+1 i+1,j+1
. Ay
i—1,j 2 i+1,j_¢_
Vi ?
Ay
R
i—-1,j—-1 Lj—1 i+1,j—-1
>  x
f
azf _ (
dxdy dx

dx 2Ay(fl,]+1 fl,] 1)]
2Ay [d (fl,]+1) dx (fi,j—l)]

1

- 4AxAy | (fi+1'1'+1 - fi—l,j+1) - (fi+1,j—1 - fi_l,j_l)]

1
= 4AxAy [fi+1.f+1 + fi—1,j—1 - fi—1,j+1 - fi+1,j—1]

Exs/ Approximate the mixed partial derlvatlve

Mx—ly—lmr

the function f(x,y) = x3y3, use central differences and a second- order
polynomial approximation. Note that (h) is the same at (x and y)

directions.
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Sol:

d*f d? , d?

dx2dy?  dx?2 (dyz)
=2 [ (@)
dx? | dy \dy

d2

=% [% <$ (fi,j+1 - fi,j—1)>]

_az [ 1 (dfi,j+1 . dfi,j—1)]
dx? “2Ay dy dy

d? .1

=2t by g1 (fujer = fij = (fij-fij-1))], let h = 28y then

2
= %[%(fi,j+1 —2fij + fi'f-l)]

_1]a [dfi,j+1 _ oM, Vi ”

- ﬁ E dx dx dx

= [ G (injer = fiorjur) = 2(finy = fimr ) + franjor —

fi-1,j-1)]11, let 2Ax = h then
1
= irrj+1 — fijer — fij+1 — fimrjer — 2fivnj + 2fij + 211 —
2fi1j = firrj-1 — fijo1 F+ ficrjo1 — fij-1]
1
T ivrj+1 — 2fije1 + ficrjer — 2fienj +4fij — 2ficajHfiv1j—1

— 2fij—1 + fi-1,j-1]
% Stencil Representation of Derivatives

For equally spaced base points the difference approximations for the first
and the second derivatives obtained earlier can be conveniently expressed
in so- called "stencil” form. Consider foe example the equation of the first
derivative that obtained in example one which represent the 15torder

forward derivative approximation

fom g 3o+ 4= £) = for m (OHC (2 )
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F=1
Then f,= ”
The double circles represent the position of the base point x;.

The 15torder central derivative approximation is given as

fiz = (firr = fim1)

Can be represented as [%( a )

Ex,/ represent the second order forward derivative approximation in
stencil form
Sol:

Since fo(x0) = 15 (o = 2fi + fo )

Then the stencil form £, (x,) = % 0 G )

Exg/ give the stencil form of the second order mixed derivative

Sol:
+——Ax——ﬂ¢——Ax——J

j—Lj+1 i,j+1 i+1,j+1
Ay
i—1,j i+14'_L
v

i-1j-1 i,j—1 i+1,j—-1
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